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Summary. A method of calculating transition moment and oscillator strength
within the framework of the Fock space multi-reference coupled cluster method is
described. Diagrammatic technique is used to obtain coupled cluster equations.
The general form of equations for the transition moment between N-electron
ground and excited states is obtained. MBPT analysis of the final equations is
done. The excitation energies, dipole transition moments and oscillator strengths
for the CH™ molecule are calculated.
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1. Introduction

Coupled cluster methods (CCM [1] have been established as very convenient tools
for introducing electron correlation. Extensive applications of CCM have been
made in recent years to the calculation of electron correlation energies. Broadly,
CCM can be classified into two distinct categories: one based on a single determi-
nantal reference function, the other based on a multi-configurational model space.
Single-reference CCM have been used very successfully for closed-shell situations.
However, it has been realized that for certain cases, particularly when quasidegen-
eracy is involved, it is essential to start from a model space which consists of several
configurations. The expanding literature [2-4] shows that both single- and multi-
reference methods are taking leading positions among methods developed to
describe the electron correlation effects.

While most of the attention has been focused on the electron correlation
contributions to the state energies or on the energy differences, there has been
recent interest in applying CCM to the studies on static and dynamic properties of
molecules. A systematic treatment of these properties in a framework of CCM was
proposed by Monkhorst [5]. In this approach [5, 6], suitable for calculating static
first- and second-order properties as well as dynamic response functions, an explicit
dependence of the CC operator on the perturbation parameter (and time -~ when
dynamic properties are considered) is assumed. Similar formalisms were also
studied in Refs. [7-10]. Arponen [11] initiated a different CC approach to the
static first-order properties by employing the variational principle; this approach
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has been further developed by Pal [12]. We have to also mention a solution of the
problem of analytical energy gradients [13] in the CC method and successful CC
calculations of static properties of atomic and molecular systems performed by
using a finite field perturbation approach [14]. Other attempts to apply the CC
method to static electronic properties were due to Kummel [15], Mukherjee and
co-workers [9, 16] and Geertsen and Oddershede [17]. Kummel [15] discussed
a special form of the linked expression of expectation value. Mukherjee and
co-workers extensively developed a linear-response approach. A CC-polarization
propagator method was recently developed by Geertsen and Oddershede [17].
Noga and Urban [18] also studied one-electron properties in CC states. However
most of the studies performed so far on the static properties have been based on -
a single reference function. From our experience on the CC studies of energies we
expect that using a CC approach based on a multi-configurational model space for
calculation of the open-shell system properties may also be essential. Such methods
have been formulated by Pal [19] for response properties, and by Stolarczyk and
Monkhorst [20] for expectation values and for transition properties. While the first
one proposed by Pal is a kind of continuation of a response single-reference CC
approach, Stolarczyk and Monkhorst developed a different idea. A characteristic
feature of their method is that it enables to determine reduced density and
transition matrices for the unperturbed system. Then the expectation values and
the transition moments can easily be generated for any arbitrary perturbation
operator. One should also mention a procedure used by Martenson—Pendrill [21]
for calculation of the expectation value of a perturbation operator between unper-
turbed wave functions. Only the Mértenson—Pendrill method has found some
applications till now, but even in this case the final equations are far from being
suitable for routine calculations.

Our attention has been focused on transition properties in the Fock space
multi-reference coupled cluster (FSMRCC) approach. 1t is motivated by the fact
" that the FSMRCC method has been extensively applied in excitation energy
calculations and the description of spectra would not be complete without transition
moment or oscillator strength quantities. The paper is organized as follows. In the
next section the FSMRCC theory [22, 26] is outlined. In Sect. 3 the method of
Monkhorst and Stolarczyk [20] of evaluation of the first- and second-order static
properties is applied to FSMRCC theory [22]. In order to give a more complete
description of our approach the many-body perturbation theory (MBPT) analysis
of FSMRCC equations and its diagrammatic representation is presented in Sect. 4.
Finally, in Sect. 5 the theory is applied to evaluation of the excitation energies,
transition moments and the oscillator strengths in CH ™. The results are compared
with other methods, including full configuration interaction (FCI).

2. Theory

The nonrelativistic Hamiltonian within Born—-Oppenheimer approximation is

given as :
H=Yhi)+ Y —, (M

v
i>jliy
where the one-electron operator is defined as
V4
W)= —3V2 -3 22

4 tia
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In the formalism of perturbation theory we assume the exact Hamiltonian H to be
composed of two components: the zero-order H, and the perturbation V:

H=Hy+ V. 3)
In the Mgller—Pleset type of perturbation theory, we define Hy as

Ho = Y.100), @

S @) = h@) + u(d), (5)

f¢r = 8r¢r (6)

and H®, = EP, with &, — the Hartree—Fock antisymmetrized product of occu-
pied spin orbitals (¢,). Here u(i) is an effective one-electron operator. The pertur-
bation operator then becomes

1 ,
V=3 = -Yul). ™
i>jlij i
In order to develop a diagrammatic approach, it is convenient to work within
a second-quantized formalism. The expressions for H, and V' then become

Ho=)Y &r'r, 8)
V=V,+ Vi, 9)
1
Va=7 Y, <pqllrsdp™q s, (10)
pars
Vi= =Y <plulgdp™q, (11
or in the normal order &
Hy = H — {Do|H| D), (12)
Hy=Hy} + Vy, (13)
HYy =Y ¢e{r'r}, (14)
Va=VN+ V] (15)
V=Y <plw—ulgd>{p~q}, (16)
pa
V=Y <pqlrsy{pTq*sr}, 17)
pq

where the brackets { } indicate the normal order and Hy, HY, V3 are normal
ordered operators corresponding to the operators in Eqs. (8-11). In our case
(Hartree-Fock reference function ®,), the one-electron potential V¥ = 0. In the
Fock space multi-reference coupled cluster theory we solve the Schrodinger equa-
tion of the form

Hy¥x = 4E, ¥, (18)

AEI =E1—E0 (19)
for several states I. The solution
¥, =Q9=0Q Z Crx®1x = QCP, (20)
k
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is built from the multi-reference function 7 that is represented in a space of
configurations {®;}. The space of functions is constructed from a set of active
particle {(a,f, ...)/hole (u,v, ...) creation/annihilation operators acting on the
ground state (GS) wave function @,. From this point of view every state ¥ is
characterized by its multi-reference (model) wave function ¥}, expanded on the
{®,} space, and can be referred to by notation ¥¥"”, where p refers to the number
of electrons in the virtual space and A refers to the number of electrons removed
from the occupied space of {®, }. The relevant reference spaces for the GS (0,0), IP
(0,1), EA (1,0) and EE (1,1) cases are as follows:

Das = Do, 21
Py = {u} Do, 22)
Dgp = {a*}d%, (23)
Pz = {004 11} Do, (24)

where all active hole operators g, and particle operators « are considered. Then, we
can write the solution to the Schrddinger equation as

PO = Q@Y (25
poD = QP (26)
PO = QpY,, 27)
P = 0@l (28)

In this notation the GS is found in the solution of the (0,0) problem; ionization
potentials (IP) in the (0, 1) problem; electron affinities (EA) in the (1,0) problem and
excitation energies (EE) in the (1,1) problem. In the FSMRCC, Q is the wave
universal operator. This means that the same Q solves all eigenvalue problems.
Q={exp(T®?9 + TOY 4 TLO L 7Oy 4L ...} 29)

where
TO0 < Z(a] T {a"i}

|
7 <ab| T ijy 4{a™b*ji} + ---. (30)

i,j,a,b
a/i run over all unoccupied/occupied orbitals in @,.
TOD =Y (U TV > {u*1)
i

1
5 2 bl TVl utb i} + -y (31

2 Ly b

TEHO =Y (| TEad{cta}

-+

+l N Led| TSNy {cTd in} + -, (32

2c,d,a,i
T =% T Plod{u”a}
a,p

+= Y ud|TEVlaid, {pd io} + -, (33)

i,d, g, a

S
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the indices u, o are defined by the active holes and particles. From Eq. (18) and from
the definition of the model space, inserting into the Schrodinger equation, we have

Q 'HNQC®; = AE,C;®,, (34)
<¢v!Q_IHNQ|CI¢I> = C/4E; (35)

if we then define
Hy.ar = P& Q™ HNQ) PR, (36)
(Hy,et)%" = (@,|P&Q™ HyQ) P* 1) D, ), (37)

where
P& = 380N ") (38)
5

is the projector onto the model space of k particles and / holes. Then,
Cr  H e Cr = 4Ey, (39)

where AE; is a diagonal matrix and C; is an eigenvector which along with Q define
the wave function ¥, or ¥*._ If we now define

QD =1—P*) =¥ |8;> < &) (40)
J
where
2, (0"} @

that is the projection operator over all function space not spanned by the model
determinants, then projection by the Q-space the Bloch equation of the form

HyQP®D = QHY 1 &Y 42)
will give us the multi-reference coupled cluster equations
QEDQH 4 PP = Q%) H\ QP®D (43)
or
(@1 HyQ — QHN | 2" = 0 (44)

where @; # {®®"}. The form of the Q-space set {®;} will vary depending on the
sector of interest. By analyzing the ansatz (29) it follows that we can write the wave
operator in the following form:

Q= {eT} — cT(0,0){eT-T(0,0)} = el0.0)@ (45)
* Making use of Eq. (45) we find that the Bloch equation (42) goes over into
HQP®D = QHE b P*D, (46)
H = [Hye™ ], “47)
where
A b = PEOQ-1AQPYD (48)

is a new effective Hamiltonian which upon diagonalization will give the energy
difference, i.e. ionization energies, excitation energies, etc., and

Q(k'l)(HQ - QHN,cff)(k'l)P(k'l) =0 (49)

give us the new multi-reference coupled cluster equations. Equation (48) has been
derived and used by other authors (see e.g. refs. [22], [32]). Also the advantage of
storing H has been noted earlier [9, 22].
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The Bloch equation (46) is solved hierarchically, step by step, starting from the
{0, 0) sector, using the fact that the higher valence quantities do not contribute in
equations for lower valence cluster amplitudes. An advantage of the above formu-
lation is that H has to be calculated only once. In practice, however, we only store
the one and two body parts of H and calculate other parts directly.

3. First- and second-order static properties in the FSMRCC method

Let us assume that the set of eigenfunctions of H can be expressed as

'III = A¢Ia (50)
where operator
A=Q0B (51)
is assumed to be unitary,
A*A=B*QTQB=1. (52)

The Q operator is the CC wave operator of the exponential form, B is the operator
which results from the multi-reference character of the model space and expresses
the coefficients of the linear combination of function from this space. Let us assume
that operator O is a Hermitian operator representing a certain external perturba-
tion to our many-fermion system described by Hamiltonian H. Quantity

0] = (P 0¥ (53)

is for I = J called the expectation value of operator O, in a state ¥/, and for I # J,
called the transition moment of O for states ¥ and ¥”. Below, a few examples of
system properties which can be expressed in terms of integrals Of are given.

Let us write the perturbed Hamiltonian for the system as

H(4) = H + 10, (54)
where A is a perturbation parameter. The Rayleigh-Schrodinger perturbation

theory applied to the ground state of H leads to the following expansion for an
eigenvalue of H(A):

E(A) = E® + AE' + A2E* + ..., (55)
where
E° =E,, (56)
E!' =08, (57)
|07}
E*= — . (58)
J(#0) AE’

In Egs. (56)—(58) E, is the ground state energy, OZS is the expectation value of O
in the eigenstate Ygs, O’ is the transition moment of O for states ¥gs and ¥/, and
AEY is an excitation energy

AE’ = E’ — E,. (59)

E™M and E*® correspond to first- and second-order properties of the system. In the
approximation (52), the formula (53) becomes

0§ = <‘PI|A+0A¢J>
= <¢1|A_10A®J>
={(B™Y)*"®,;|Q 10QB,>. (60)
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In a FSMRCC procedure however the operator A is not a unitary one and is of the

form (20)
A =QC (61)

and the application of formula (60) cannot be so straightforward. It can be shown
[20] however that even if the operator QC;®; from Egs. (20) is not a unitary one,
after some manipulations the following expressions for the expectation value and
the square of the transition moment absolute value are valid:

O1 = (P, (QC;)~'0(2C) Pp, (62)
103> = [P (QC)™10(QCH DI (63)

It is worthwhile to note a close correspondence between Eq. (63) and the CC-
response expression of Koch and Jergensen [32].
If one defines the operator

W =(Q1'0Q) (64)
and the matrix element
Wi =(9,|27102¢;> (65)
and chooses
lPI = IP(0,0), (66)
yp, =p.1) (67)
with the normal ordered perturbation
On =Y, ilrli> {i*j} (63)
ij

as a one-electron dipole moment operator, which diagrammatically can be ex-

pressed as

then the transition moment between the ground state and excited states can be
calculated from the expression

|07)? = [{@,|Q 7 Ox(2C,) B )| (69)
in a matrix representation, where C’ indicates the Jth row of the matrix,
10717 = WIC,(C) " Wy, (70)
The matrix elements WY and W, are
W7 = {Dss| W| Pgg, 0, (71)
W; = <‘I’EE,0[ Wil ®gs, (72)

where W7(W,) represents the connected part of (2~ 10Q)¢ and can be divided into
Zero-, one-, two-particle operators

W=W0+W1+W2+"'. (73)
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In this application the highest particle operator considered is W,. To be able to
get transition moment amplitudes W, one has to know the inverse of the wave
operator Q. Since Q2 is the normal ordered operator the inverse of it is difficult to
find. To solve this problem one can multiply Eq. (64) by Q and gets

QW = 0Q. (74)
From the power series of the exponential form of the wave operator we have
1 1
<1+T+—T*T+—-—T*T*T+ )
2! 3!
1 1
W=0 1+T+ET*T+§T*T*T+ (75)
and
' 1 1
W=0+0 T+5‘~T*T+§'-T*T*T+ )
1 1
- T+5T*T+§T*T*T+--- w. (76)

(The sign * in Eqs. (76) and (77) means that due to the normal order of the wave
operator €, there are not contractions between coupled cluster amplitudes.) To be

G- LA
SRR

g-x- b4
&8

78 Fig. 1. W and W transition
+ - - - moment amplitudes. MRCC
amplitudes are depicted by full
lines
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SRR )
SR

B8-4
&P 18
R

Fig. 2. The intermediate transition moment amplitudes W, and W, (see also Fig. 1)

able to get transition moment between two N-electron states (0,0) and (1, 1) sectors
we need W, excitation and deexcitation amplitudes. From diagrammatic equations
presented in Figs. 1 and 2 one can see that these amplitudes depend on other W,
and W, amplitudes. In consequence we get a set of linearly dependent equations
which can be solved in an iterative way. Besides, in our approximations,
ie. W=W,+ W, +W,, T=T, + T,, the infinite expansions in Egs. (75) and
(76) terminate,

One can see that to get transition moment amplitudes is not easy. The main
reason is the presence of deexcitation amplitudes: T ; T¢? and T@ Y, TZ 2
and the necessity to perform calculations in a higher than (1,1) sector.

4. FSMRCC theory for properties and MBPT analysis

Transition moment is the first-order property due to the external perturbation O.
The diagrammatic equations (Figs. 1 and 2) show it is calculated as a sum of
diagrams which are products of the matrix elements of the perturbation O and
MRCC amplitudes. These amplitudes have been calculated in SD approximation
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and can be considered in a content of perturbation V [see Eq. {3)].
H(A) = Hy + AV. an

The conventional Fock space Bloch equation for the perturbed Hamiltonian can
be written for all 1 as

HA)QA)PHD = QA HEP () p®h, (78)
the universal wave operator (1) may be written as
Q%) = {exp(T (4)}. (79)

For a model space containing k active particles and ! active holes T(4) may be
expanded as a Taylor’s series consisting of the derivatives that can destroy at most
k active particles and [ active holes. These derivatives have to be calculated for each
active hole—particle sector for open-shell systems. In this notation, we follow

T@y=TEy + ATy + 2T + - (80)

Being universal in nature, each of the terms T {, may be written in terms of the
cluster operators of a lower number of hole—particle sectors. The effective. Hamil-
tonian H, corresponding to perturbed H(A) may also be written in terms of
various order derivatives

Ho () = HQ + 2HY) + 22HE + - 81)

The projection of the Bloch equation to the model space and orthogonal space
ields
’ PO H(HQA)P®Y = PEDHED () PED, (82)

Q%D H(HQMAPED = QI HY (2) PY", (83)

One can calculate the various derivatives of H.(4) in terms of the Fock space
cluster operators and their derivatives. We will describe now how Eq. (43) may be
solved in a manner that shows the connection between the MRCC and the different
orders of the MBPT approaches.

We start with the ground state, (0,0) sector, and solve Eq. {43) in an iterative
manner, by performing an initial guess of {T{}’} and {T¢} and then inserting these
values on the right-hand side into Eq. (43) to obtain an improved set of values of

T{'} and {T}}. These are then inserted back to the right-hand side of Eq. (43)
and again give us improved values of amplitudes, etc. As an initial guess of the
cluster amplitudes we set those amplitudes that appear on the right-hand side of
Eq. (43) equal to zero. The motivation for this choice is that the terms containing
T on the right-hand side of Eq. (43) are assumed to be smaller than those on the
left-hand side of this equation. Inserting these values of amplitudes into the CC
expression for the total energy, we obtain the expression which is the result
obtained in a second-order perturbation theory. A second iteration may be carried
out by inserting into the right-hand side of Eq. (43) cluster amplitudes obtained in
the first iteration. If we then neglect the terms that are quadratic in the T ampli-
tudes, we obtain coupled cluster amplitudes that, when used to compute the energy,
give the same algebraic expression as is obtained in the third-order MBPT. The
iterative process carried out when determining the cluster amplitudes from Eq. (43)
may be continued by inserting the cluster amplitudes from one iteration into the
right-hand side of Eq. (43) to obtain the new amplitudes. The whole procedure is
already very well known and a detailed description for single-reference CC had
been given [31]. Similar analysis can be done for higher sectors. The pictures of this
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study will be simpler if we start with H expressions. By means of T ), the different
orders of H® can be derived [31]. Following the presented idea above the PT
analysis can be done for (0,1), (1,0) and (1,1) sectors.

It should be pointed out that the MRCC equations in SD approximation
(similarly to the single-reference ones) are exact only till the second order of the
perturbation V. The third- and the higher-order equations include T3 and T,
amplitudes.

Our attention in this paper has been focused on the transition moment between
the N-electron ground (0,0) and excited (1,1) states. Zero-, first-, and second-order
equations on transition moment amplitudes W * and W {*°, necessary to calculate
transition moments and oscillator strengths, have been shown in Fig. 3. Zero-order
amplitudes are expressed by one-electron integrals

RePe

in Fig. 3a,b. First-order equations contain the first-order T %% amplitudes (Fig. 3,
d2). These contributions are rather easy to calculate:

The dashed lines in the diagrams represent Hy integrals. Second-order equations
(Fig. 3e,f) are slightly more difficult to get since besides the first-order T§*? and

T4 amplitudes (e3)

one need to calculate the second-order T§*? amplitudes.

The equation for the second-order T ? amplitudes may be derived from Eq.
(49). The formalism is more complicated now, since the equations include the
unknown (0,2) and (2,0) amplitudes. Fortunately the first-order (0,2) and (2,0)
amplitudes can be again expressed via simple integrals:

-}

One can extend this analysis for higher orders. Since we work in the SD approxi-
mation, the third-order equations are not exact. Equations for the deexcitation
W e amplitudes would contain the second-order (T,(1,1) and T,(2,2)) and the
third-order (T {>V, T{"9, T{" and T4V amplitudes. They are not exact as long
as they do not contain T3 amplitudes. If we would like to improve the results, then
T5 amplitudes could be, for example, included in an approximate, noniterative way
using SD amplitudes.

In the present implementation we use the following approach: By the analogy

to the single-reference CCSD method with T{®9, and T 9, (_L ,\V_V )
amplitudes we have taken into account 7%, 7%, 7.0 7.0 T({0.1) 1(1.0)
T excitations and T{'Y, T2, (T VANAN ) deexcitation amplitudes. In
this way we get zero- to fourth- and higher-order expressions, but PT analysis
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Zero Order:
oI
b) < 2 _ X
1st Order:
9 ég - \4_8 - \/8
‘ T
T ' -
q-LedEL
Tol1) W, ]\
di d2
2nd Order :
T,
¢ d; VA \L_8 _ -
T,@ T, W)

=' D+ ﬁ}:ﬂ + \;_;8 + ea
R

+ [ +
T Tol
Q-1 d-8-d
T,@ T, W40 Wy
T, T,@
Wo(h w0

Fig. 3.
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-ﬁq:o» D+
< ) Y
+ /07 + 1C + _f}
N

(| A o G
- g" - __:{\ - Fig. 3. Zero-, first-, and second-order

equations for the amplitudes necessary to
calculate the transition moments and
oscillator strengths from the ground (0,0) to

: —— - the excited (1,1) states. One- and two-body
_ Q' _ 9 — D parts of Hy are represented by dashed lines,
- -- —_— the active lines by double arrows and the non

active by circles (see also Fig. 1)

shows that several diagrams are omitted. We have also seen that the equation can
be improved, without too large a computational effort, by including first-order
amplitudes from higher sectors (0,2), (2,0), (1,2) and (2,1). Then one can get exact
second-order transition moment, almost complete third-order (even without T'3)
and a lot of higher-order terms not shown here. We will develop the method in this
direction.

5. Applications

Here we present results for the CH™ molecule. Our attention is focused mainly on
two quantities: transition moment and oscillator strength in dipole representation.
The oscillator strength in this representation is defined as

% x| transition moment|? * excitation energy (84)

and depends on excitation energies and transition moment. The CH™ calculations
have been carried out at an internuclear distance of 2.13713 a.u. and using the basis
given in [25]. For carbon atom a split valence basis set was used augmented with
two diffuse s and p functions and one d polarization function. For hydrogen the 2s
basis set was augmented with one diffuse s function and one p polarization
function. The basis set contains a total of 26 Gaussian orbitals. CH™ has a ground
state electronic configuration 162202302 and a large nondynamical correlation
contribution originating from the 1¢22622n? configuration. Table 1 reports
FSMRCC and FCI calculations of excitation energies from the CH* X' 2+
ground state to the lowest states of 'I1 symmetry and appropriate transition
moments and oscillator strengths. We also make a comparison to TDA, RPA and
MCLR calculations performed in the same basis set. The comparison with avail-
able experimental results has been done too. The lowest state of ' IT symmetry has
an electronic configuration 1622623¢* 1n! and excitation to this state has a domi-
nant single replacement nature. Since the model space in the (1,1) sector of
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Table 1. Excitation energies, transition moments and oscillator strengths with
respect to ' ¥ and 'T1, states in the dipole length approximation for the TDA,
RPA, MCLR, FSMRCC and FCI excitations

Method Excitation Transition Oscillator
energy (eV) moment (a.u.) strength (a.u.)

TDA*? 2.926 0.441 0.014

RPA® 2.650 0.331 0.007

MCLR® 3.230 0.300 0.007

FSCC 3.241 0.243 0.005

FCI® 3.320 0.299 0.007

Exp. 3.07° s (0.00566 F 0.0002)

TDA? 15.231 —1.081 0436

RPA® 14.841 0.944 0.324

MCLR® 14,197 0.799 0222

FSCC 15.005 0.700 0.180

FCI® 14.127 0.767 0.214

@ Ref. [27]

b Ref. [25]

° Ref. [28]

4 Ref. [29]

FSMRCC has been created by single excited configurations too, one should expect
good excitation energies. The agreement with FCI is very good. The energies
obtained in a small active space are of the same quality as of the MCLR method
and much better than those obtained in RPA and TDA calculations. Transition
moment and oscillator strength, which are rather small quantities, are well repro-
duced too.

The second state of 'IT symmetry is dominated by higher excited configura-
tions. Then, it is not surprising that the FSMRCC method gives bad excitation
energies. Similar behavior can be observed in RPA and TDA. However, the
FSMRCC method, which is optimized for several states at the same time, gives
much better transition moment and oscillator strength in comparison to others. It
means that the quality of the wave function is not bad. The MCLR method gives
better numbers but, again, rather a big model space has been used.

Conclusions

We have presented the method of calculating expectation values and transition
moments within the framework of the Fock space coupled cluster method. We have
shown the excitation energies, transition moments and dipole oscillator strengths
for the CH™ molecule and have made a comparison with the TDA, RPA, MCLR
and FCI methods. If one realizes that the method describes several states at the
same time, the agreement with FCI is quite good. More advanced studies have been
performed on the example of the O; molecule [26] which confirmed the con-
clusions. The final results are promising. Only the deexcitation amplitudes
T{Y and T{*? have been calculated, but they both appear in considered
N-electron states. We are aware of the fact that the results have to be improved and
it will be a part of our next work.
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We would like to emphasize that the transition moment amplitudes have been

fast and well converged. Once the energy is given, the oscillator strength in fast
calculations can be achieved.
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